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We prove for totally monotone set functions deﬁned on the set of Borel sets of a locally compact r-compact topological
space a similar decomposition theorem to the famous Yosida–Hewitt’s one for ﬁnitely additive measures. This way any
totally monotone decomposes into a continuous part and a pathological part which vanishes on the compact subsets.
We obtain as corollaries some decompositions for ﬁnitely additive set functions and for minitive set functions.
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The interest in obtaining a decomposition a` la Yosida–Hewitt [17] for additive measures on a measurable
space has now been recognized for more than 50 years. Among other merits this decomposition theorem
allows to separate a continuous additive component of a ﬁnitely additive measure from its ‘‘pathological’’
purely non-continuous part. Since Choquet’s [4] seminal contribution to the study of capacities in potential
theory, there has been a growing interest for non-additive set functions in various scientiﬁc ﬁelds such as arti-
ﬁcial intelligence, game theory or decision theory. Of particular interest is the theory of evidence [15], the
transferable belief model [16] based on totally monotone set functions (conjugate of inﬁnite alternated capac-
ities), or the theory of possibilities [8] and fuzzy sets [18] based on maxitive set functions. The question arises of
knowing if such a decomposition a` la Yosida–Hewitt can be maintained for these set functions (see [12]). A
ﬁrst positive attempt has been achieved in [3] where the study was devoted to countable measurable spaces.
It was established that a totally monotone set function could be decomposed into a pathological part
vanishing on ﬁnite sets and a continuous part. Our aim here is to pursue in this direction, and to consider0888-613X/$ - see front matter  2007 Elsevier Inc. All rights reserved.
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sition into a pathological part that vanishes on compact sets and the other part being s-continuous, a strictly
weaker condition than r-continuity.
Section 2 introduces the needed preliminary material, including the Choquet’s integral representation the-
orem. In Section 3, we state and prove for totally monotone set functions on a locally compact r-compact
topological space a natural generalization of the Yosida–Hewitt decomposition for totally monotone set func-
tions on PðNÞ [3]. As a byproduct we retrieve some decompositions for ﬁnitely additive measures and for
minitive measures. Section 4 extends these results for totally monotone comonotone additive functionals on
the set of non-negative bounded Borel functions.
2. Deﬁnitions, notations and preliminary results
Let (X,s) be a Hausdorﬀ topological space and B the r-algebra of Borel sets. The set of compact subsets
will be denoted byK and the set of closed subsets by s 0 = {Oc: O 2 s}. For A  X, Ao denotes the interior of A
and A its closure.
Our hypothesis from now is that X is a locally compact r-compact topological space1 (e.g. Rn). Or equiv-
alently (see Corollary 2.70, p. 58 in [1] there exists a sequence fKngn K such that [nKn = X satisfying
Kn  Konþ1.
A real valued set function v on B is said to be a set function if v(;) = 0.
A set function is said to be monotone if 8A;B 2 B;A  B ) vðAÞ 6 vðBÞ. Hence v is non-negative i.e. vP 0.
Given an integer KP 2 a set function v is said to be monotone of order K if 8A1; . . . ;AK 2 B,1 Fov [Kk¼1Ak
 
P
X
fI :;6¼If1;...;Kgg
ð1ÞjIjþ1vð\k2IAkÞwhere |I| denotes the cardinal of I.
If a set function v is monotone and monotone of order K for all KP 2, v is said to be totally monotone.
Furthermore, if v(X) = 1, v is a belief function [15].
Important subclasses of totally monotone set functions are constituted of minitive set functions [12] and
measures. A set function v is said to be minitive if8A;B 2 B; vðA \ BÞ ¼ minfvðAÞ; vðBÞg
Furthermore, if v(X) = 1, v is a necessity measure [8].
A set function v is a (ﬁnitely additive) measure if it is non-negative and ﬁnitely additive i.e., if
8A;B 2 B;A \ B ¼ ;; vðA [ BÞ ¼ vðAÞ þ vðBÞ. Furthermore, if v(X) = 1, v is a probability.
A measure v is r-additive if for all sequences of disjoint sets fAngn  B it holds vð[nAnÞ ¼
P
nvðAnÞ. Or
equivalently v is r-continuous i.e.,8A 2 B; 8fAngn  B; An " X : lim1 vðA \ AnÞ ¼ vðAÞ;and8A 2 B; 8fAngn  B; An # ; : lim1 vðA [ AnÞ ¼ vðAÞ;where An "(#) A stands for: An  An+1, [nAn = A(An  An+1, \nAn = A).
A measure v is called purely non r-additive if all r-additive measures l such that 0 6 l 6 v are constant
l = 0. The classical decomposition version of ﬁnitely additive measures states.
Theorem (Yosida–Hewitt [17]). Let v be a measure on B. There exists a unique couple of measures ðv1; v2Þ such
that v = v1 + v2 where v1 is r-additive and v2 is purely non-r-additive.
A simple way to construct a purely non-r-additive measure is the following.r our interest, X will not be compact.
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then v is purely non-r-additive.
The suﬃcient condition in Example 1 is related to a weaker condition than r-continuity:s-continuity.
A set function v is said to be s-continuous at A 2 B if2 r-c
contin8fOngn  s; On " X : lim1 vðA \ OnÞ ¼ vðAÞ;and8fF ngn  s0; F n # ; : lim1 vðA [ F nÞ ¼ vðAÞ:A set function v is said to be s-continuous2 if it is s-continuous at any set A 2 B. The property of being s-
continuous can be reduced to s-continuity at X [13].
Proposition 1. Let v be a monotone set function on B and monotone of order 2. Then v is s-continuous if and only
if v is s-continuous at X.
Proof. (only if). By deﬁnition.
(if). First we prove s-continuity from below. Let A 2 B and {On}n  s be a weakly increasing sequence
where [nOn = X. By monotonicity of order 2 we obtain,
vðA [ OnÞ þ vðA \ OnÞP vðOnÞ þ vðAÞ:By monotonicity and s-continuity at X we have limnv(A [ On)P limnv(On) = v(X), thus limn -
v(A \ On)P v(A) follows.
Let us prove now s-continuity from above at any set A 2 B. Let {Fn}n  s 0 be a weakly decreasing sequence
converging to ;. Monotonicity of order 2 gives,vðXÞ þ v A \ F cn
 
P vðA [ F nÞ þ v F cn
 
:By s-continuity from below at A and X we getvðAÞ ¼ lim
n
v A \ F cn
 
P lim
n
vðA [ F nÞP vðAÞ: The notion of s-continuity can be reformulated as a kind of regularity at X.
Proposition 2. Let v be a monotone set function on B and monotone of order 2. Then v is s-continuous if and only
if vðXÞ ¼ supfvðKÞ : K 2Kg.
Proof. (if). According to Proposition 1 it suﬃces to establish s-continuity at X. Let {On}n  s be a weakly
increasing sequence with [nOn = X. For any K 2K there exists nK such that K  On for nP nK, thus
vðXÞ ¼ supfvðKÞ : K 2Kg 6 limnvðOnÞ 6 vðXÞ.
(only if). Since X is locally compact and r-compact there is a weakly increasing sequence of compact sets Kn
such that Kn  Konþ1 and [nKn = X. Take On ¼ Kon . Since v Kon
 
6 vðKnÞ for all n, we get vðXÞ ¼ lim v Kon
 
6
supfvðKÞ : K 2Kg 6 vðXÞ. h
Typical examples of monotone and monotone of order 2 set functions are given by so called in ‘‘cooperative
game theory’’ unanimity games or elementary belief functions: for T  X, T5 ;, let uT be the set function on B
deﬁned by8A 2 B; uT ðAÞ ¼
1 if T  A;
0 otherwise:
These set functions are special cases of ﬁlter games.ontinuity requires that convergence should hold for any monotone sequence fOngn; fF ngn in B and not solely in s; s0, thus s-
uity is a weaker property.
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(i) ; 62F;X 2F,
(ii) 8A;B 2F : A \ B 2F,
(iii) 8A 2F;A  B 2 B : B 2F.
Let F be a ﬁlter of B, deﬁne the ﬁlter game uF,
33 We
4 (On
HowevuFðBÞ ¼
1 if B 2F;
0 otherwise:
Filter games display in fact a stronger property than monotonicity of order 2, they are totally monotone
(e.g. see Proposition 3 in [10], Proposition 1.2 in [7]). From Proposition 2, we can simply characterize s-con-
tinuity for unanimity games: uT is s-continuous if and only if T 2K. In contrast, r-continuity is a much more
demanding condition: uT is r-continuous if and only if T is ﬁnite.
4
The following example, inspired form Example 10.4.4, p. 245 in [11], presents a s-continuous ﬁlter game
which is not an unanimity game.
Example 2. Let t 2 R. Deﬁne a set function vt on BðRÞ in the following manner,8A 2 BðRÞ; vtðAÞ ¼
1 if ½t  1=n; t þ 1=n  A for some n;
0 otherwise:
This set function is clearly monotone and monotone of order 2 and {0,1}-valued thus a ﬁlter game (e.g. see
Proposition 3 in [10], Proposition 1.2 in [7]). vt is not an unanimity game since it is not continuous from above:
for ½t  1=n; t þ 1=n # ftg we have vtð½t  1=n; t þ 1=nÞ ¼ 1 for all n and vt({t}) = 0.
Thus, vt is not r-continuous. It turns out that vt is purely non-r-continuous: let An = (1, t  1/n)
[ {t} [ (t + 1/n,+1), for any r-continuous totally monotone set function b such that 0 6 b 6 vt we have
b(An) 6 vt(An) = 0 for all n thus bðRÞ ¼ 0. However, vt is s-continuous from Proposition 2 since
vtð½t  1; t þ 1Þ ¼ vtðRÞ.
We can now formulate the notion of purely non-s-continuity with respect to totally monotone set functions.
A monotone set function v is said to be purely non s-continuous (pure, for short) if all b s-continuous totally
monotone set functions such that 0 6 b 6 v are constant b = 0.
Similarly to the countable case we obtain a characterization of purity in terms of compact sets.
Lemma 1. Let v be a monotone set function on B then v is pure if and only if vjK ¼ 0.
Proof. (if) Let b be a s-continuous totally monotone set function with 0 6 b 6 v. As X is locally compact and
r-compact there is a weakly increasing sequence of compact sets Kn such that Kn  Konþ1 and [nKn = X. Since
vjK ¼ 0, for all n 2 N we have, 0 6 bðKonÞ 6 bðKnÞ 6 vðKnÞ ¼ 0. Now s-continuity of b entails b(X) = 0, thus
b = 0 by monotonicity.
(only if) Assume there exists K 2K such that v(K) > 0. Take bK = v(K)uK, then 0 6 bK 6 v, bK5 0 and bK
is a s-continuous totally monotone set function, thus v is not pure. h
The following example, presents a purely non-s-continuous ﬁlter game which is not an unanimity game.
Example 3. Deﬁne a set function vK on B in the following manner,8A 2 B; vKðAÞ ¼
1 if Ac  K for some K 2K;
0 otherwise:
identify uT with uFT where FT ¼ fA 2 B : T  Ag.
ly if) Assume T is inﬁnite, pick {tn}n  T and consider An = T/{tm: mP n}. Since X is Hausdorﬀ ftng 2 B then An 2 B and An " T.
er uT(An) = 0 for all n.
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locally compact and r-compact there is a weakly increasing sequence of compact sets Kn such that Kn  Konþ1
and [nKn = X. Since vKðKcnÞ ¼ 1 for all n and Kcn # ;, vK cannot be an unanimity game. For any K 2K there
exists n such that K  Kon  Kn, but vKðKcnÞ ¼ 1 thus vKðKÞ 6 vKðKnÞ ¼ 0. Since vKjK ¼ 0, by Lemma 1 vK is
pure.
In order to obtain a proof of our decomposition theorem for totally monotone set functions we shall use a
version of Choquet’s integral representation theorem (see p. 268 in [9]). An alternative approach could have
started directly from [10]’s work, but for sake of continuity we proceed as in [3].
Let us recall the setting.
Let U be a nonempty compact convex subset of a locally convex Hausdorﬀ vector space L. Denote by
AðUÞ the space of aﬃne continuous functions on U. A function u is said to be aﬃne if 8x; y 2 U; 8k 2 ½0; 1,
uðkxþ ð1 kÞyÞ ¼ kuðxÞ þ ð1 kÞuðyÞ:A point x 2 U is said to be an extreme point of U if 8y; z 2 U; 8k 20; 1½; x ¼ ky þ ð1 kÞz ) x ¼ y ¼ z.
Denote with exðUÞ the set of extreme points of U.
Theorem (Choquet). For every x 2 U, there is a r-additive probability mx on exðUÞ (with respect to the smallest
r-algebra making all elements of AðUÞjexðUÞ measurable) such that for all h 2 AðUÞ:hðxÞ ¼
Z
exðUÞ
hjexðUÞ dmxDenote with L the linear space of set functions on B where 8v;w 2L; 8k 2 R; 8A 2 B;
ðvþ wÞðAÞ ¼ vðAÞ þ wðAÞ and (k Æ v)(A) = kv(A). Let us endow L with the topology of set-wise convergence.
Under this topology the vector space L becomes a locally convex and Hausdorﬀ topological vector space.
Consider U the set of belief functions on B. From Proposition 2 in [10], U is a compact convex subset ofL.
It turns out (see [2,4], pp. 260–261), that the set exðUÞ of extreme points of U consists of the ﬁlter games, in
other words of the {0,1}-valued belief functions, those that take only the values zero and one.
Denote with RU the smallest r-algebra of subsets of exðUÞ making all elements of AðUÞjexðUÞ measurable.
For A 2 B, put eA ¼ fuF : uFðAÞ ¼ 1g.
Consider the application hA :L! R : v 7!vðAÞ, where A 2 B. hA is aﬃne and continuous by construction,
hence hAjexðUÞ is RU-measurable. So fhAjexðUÞ P 1g ¼ eA 2 RU.
According to Choquet’s integral representation theorem, there exists a r-additive probability mv on exðUÞ
such that 8A 2 B,vðAÞ ¼
Z
exðUÞ
hAjexðUÞ dmv ¼
Z
exðUÞ
uFðAÞdmvðuFÞ ¼ mvðeAÞ
A detailed exposition of this method with a sharper result can be found in [2].
3. Decomposition of totally monotone set functions
Since our aim is to provide a decomposition theorem for totally monotone set functions we ﬁrst start with a
useful lemma for ﬁlter games.
Lemma 2. Let uF be a filter game on B. Then uF is either s-continuous or pure.
Proof. If uF is s-continuous then it cannot be pure since uF P uF 6¼ 0.
If uF is not pure, from Lemma 1 there exists K 2K;K 6¼ ; such that uFðKÞ > 0, thus uF P uK . But since
uK is s-continuous at X, uF is also s-continuous at X, thus s-continuous. h
Theorem 1. Let v be a totally monotone set function on B then there exists a unique pair of totally monotone set
functions (vc, vp) with vc s-continuous and vp pure such that v = vc + vp.
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v(X) = 1.
Let us denote with exsðUÞ (resp. expðUÞ) the set of s-continuous (resp. pure) extremal elements of U.
Lemma 2 asserts that the set of pure extremal elements of U is the complement of exsðUÞ within exðUÞ.
From Lemma 1, we obtain that the set of pure extremal elements of U consists of the ﬁlter games which
vanish on the compact sets. As X is locally compact and r-compact there is a weakly increasing sequence of
compact sets Kn such that Kn  Konþ1 and [nKn = X. Now for all K 2K there exists n such that K  Kon  Kn,
we have thatexpðUÞ ¼ \nfuF : uFðKnÞ ¼ 0g ¼ \nðfKnÞc and exsðUÞ ¼ [nfKn :
Now RU being a r-algebra, we have expðUÞ; exsðUÞ 2 RU.
Let us deﬁne, for A 2 BvcðAÞ ¼
Z
exsðUÞ
uFðAÞdmvðuFÞ; vpðAÞ ¼
Z
expðUÞ
uFðAÞdmvðuFÞ:We will prove that (vc,vp) is the decomposition we are looking for.
At ﬁrst we check that vc; vp are totally monotone. That vc; vp are monotone is straightforward since for
A;B 2 B with A  B we have hAjexðUÞ 6 hBjexðUÞ (since any ﬁlter game is monotone) and integration on
exsðUÞ; expðUÞ entails vc(A) 6 vc(B) and vp(A) 6 vp(B). Let A1; . . . ;AK 2 B, we haveh[K
k¼1Ak jexðUÞ P
X
fI :;6¼If1;...;Kgg
ð1ÞjIjþ1h\k2I Ak jexðUÞ;since any ﬁlter game is totally monotone. Integration on exsðUÞ; expðUÞ entailsvc [Kk¼1Ak
 
P
X
fI :;6¼If1;...;Kgg
ð1ÞjIjþ1vcð\k2IAkÞ;andvp [Kk¼1Ak
 
P
X
fI:;6¼If1;...;Kgg
ð1ÞjI jþ1vpð\k2IAkÞ:By the monotone convergence theorem we can check that vc is s-continuous. Let {On}  s be a weakly
increasing sequence converging to X. We have,vcðOnÞ ¼
Z
exsðUÞ
uFðOnÞdmvðuFÞ "
Z
exsðUÞ
uFðXÞdmvðuFÞ ¼ mvðexsðUÞÞ ¼ vcðXÞ:As for purity, since uFjK ¼ 0 for pure ﬁlter games, integration on expðUÞ entails that vpjK ¼ 0.
It remains to prove the uniqueness property of the decomposition.
Let (v1,v2) be another decomposition where v1 is s-continuous and v2 is pure.
For A 2 B, we have by s-continuity,v1ðAÞ ¼ lim
n
v1 A \ Kon
 
; vcðAÞ ¼ lim
n
vc A \ Kon
 
:By purity v2 A \ Kon
 
6 v2ðKnÞ ¼ 0 and vp A \ Kon
 
6 vpðKnÞ ¼ 0 for all n.
Thus, v A \ Kon
  ¼ v1 A \ Kon  ¼ vc A \ Kon  for all n and v1(A) = vc(A) follows, thus v2(A) = vp(A). h
We retrieve a Yosida–Hewitt decomposition theorem for measures and also for minitive measures,
Corollary 1. Let v be a measure on B then there exists a unique pair of measures (vc, vp) with vc s-continuous and
vp pure such that v = vc + vp.
Proof. Let A;B 2 B with A \ B = ;. We have, v(A [ B) = vc(A [ B) + vp(A [ B)P vc(A) + vc(B) + vp(A) +
vp(B) = v(A) + v(B) = v(A [ B), since vc, vp are totally monotone. Thus, vi(A [ B) = vi(A) + vi(B) for
i = c,p. h
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s-continuous and vp pure such that v = vc + vp.
Proof. Let A;B 2 B. Assume v(A \ B) = v(A). We have vc(A \ B) + vp(A \ B) = vc(A) + vp(A). Thus, by
monotonicity of vc and vp this gives vc(A \ B) = vc(A) and vp(A \ B) = vp(A). h4. Extension to Choquet functionals
A canonical way to extend our study of the Yosida–Hewitt decomposition of totally monotone set func-
tions to functionals is to consider the Choquet integral [4]. Let v be a totally monotone set function on B
and f be a non-negative bounded measurable i.e. f 2 Bþ1ðX;BÞ (B for short), the Choquet integral is given
through5 USZ
f dv ¼
Z 1
0
vðfx : f ðxÞ > tgÞdt;where the integral under consideration is a Riemann integral. An essential property of the Choquet integral is
to be additive for comonotonic functions [5], Chapter 4 in [6],Z
f þ gdv ¼
Z
f dvþ
Z
gdv;provided8x;x0 2 X; ðf ðxÞ  f ðx0ÞÞðgðxÞ  gðx0ÞÞP 0;
or equivalently for all t; t0 2 R,ff > tg  fg > t0g or ff > tg  fg > t0g:
A functional I : B ! R is totally monotone if fP g) I(f)P I(g) and8nP 1; 8f1; . . . ; fn 2 B; I _n1fi
 
P
X
fI:;6¼If1;...;Kgg
ð1ÞjI jþ1Ið^k2I fkÞ;where _;^ stand for the usual Sup, Inf operators on functions.
From Schmeidler’s [14] integral representation theorem we have a simple characterization of totally mono-
tone functionals.
Proposition 3. Let I : B ! R be a functional. Define v : B! R through v(A) = I(1A). Then v is totally monotone
and I ¼ R ðÞdv if and only if I is totally monotone and comonotonic additive.
Denote with LSCb (USCb) the set of lower (upper) semi-continuous bounded non-negative functions and
USCc the set of upper semi-continuous non-negative functions with compact support
5 i.e., Sðf Þ ¼
fx : f ðxÞ > 0g 2K.
The deﬁnition of s-continuity and purity can be adapted in the functional setting.
A monotone functional I is said to be s-continuous if8f 2 B; fgngn  LSCb; gn " a  1X; f 6 a  1X : lim1 Iðf ^ gnÞ ¼ Iðf Þ;and8f 2 B; fhngn  USCb; hn # 1; : lim1 Iðf _ hnÞ ¼ Iðf Þ:A monotone functional I is said to be pure if all Js-continuous totally monotone comonotone additive func-
tionals such that 0 6 J 6 I are constant J = 0. We can characterize further the functionals associated to s-con-
tinuous totally monotone set functions.Cc  USCb.
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Proof. (if) It suﬃces to check the continuity of v at X. Take gn ¼ 1On where On 2 s, [nOn = X and f = 1A.
(only if) Assume v is s-continuous. Let {gn}n 2 LSCc such that gn 6 gn+1 for all n and _ngn = a Æ 1X and
f 6 a Æ 1X. Let t 2 (0,a), put Otn ¼ fgn > tg 2 s and At ¼ ff > tg 2 B then
ff ^ gn > tg ¼ Otn \ At " At:Since v is s-continuous we have v Otn \ At
  " vðAtÞ, and via the monotone convergence theorem we getIðf ^ gnÞ ¼
Z 1
0
v Otn \ At
 
dt ¼
Z
½0;a
v Otn \ At
 
dkðtÞ "
Z
½0;a
vðAtÞdkðtÞ ¼ Iðf Þ;where k is the usual Lebesgue measure on R.
For the second part, since v is monotone the strict inequalities in the Choquet integral can be replaced by
weak inequalities.
Let f 2 B, {hn}n  USCb, hn # 1;. Put F tn ¼ fhn P tg 2 s0 and At ¼ ff P tg 2 B thenff _ hn P tg ¼ F tn [ At # At:
Put M = sup f _ suph1. Since v is s-continuous we have v F tn [ At
  # vðAtÞ, and via the monotone conver-
gence theorem we getIðf _ hnÞ ¼
Z 1
0
v F tn [ At
 
dt ¼
Z
½0;M 
v F tn [ At
 
dkðtÞ #
Z
½0;M 
vðAtÞdkðtÞ ¼ Iðf Þ: Proposition 5. Let I, v be associated as in Proposition 3. Then v is pure if and only if I is pure.
Proof. (only if) Let J be a totally monotone comonotone additive functional such that 0 6 J 6 I. As X is
locally compact and r-compact there is a weakly increasing sequence of compact sets Kn such that
Kn  Konþ1 and [nKn = X. We have J 1Kon
 
6 I 1Kon
 
6 Ið1KnÞ ¼ vðKnÞ ¼ 0, letting n go to 1 entails
J(1X) = 0. Thus, by monotonicity, for any f 2 B, J(f) 6 sup f J(1X) = 0.
(if) Let v(A) = I(1A) for all A 2 B. Let b be a totally monotone s-continuous set function such that b 6 v. By
Proposition 4,
R ðÞdb is s-continuous and R ðÞdb 6 I thus by purity R ðÞdb ¼ 0. Hence b = 0, and v is
pure. h
Similarly to the case of set functions we can characterize purity of a Choquet functional I through upper
semi-continuous functions with compact support: I jUSCc ¼ 0. Let f 2 USCc. We have f 6 max f1S(f) 2 USCc so
I(f) 6 max fI(1S(f)) = max fv(S(f)) = 0 (by Lemma 1). For the converse: 1K 2 USCc for any K 2K, thus
v(K) = I(1K) = 0, so v is pure, thus I is pure.
We have a similar Yosida–Hewitt decomposition for totally monotone comonotone additive functionals.
Theorem 2. Let I : B ! R be a totally monotone comonotone additive functional on B then there exists a unique
pair of totally monotone comonotone additive functionals (Ic, Ip) with Ic s-continuous and Ip pure such that
I = Ic + Ip.
Proof. Let v(A) = I(1A) for all A 2 B. Let (vc,vp) be the unique decomposition of v given by Theorem 1. Then,
thanks to Propositions 4 and 5, Ic ¼
R ðÞdvc and Ip ¼ R ðÞdvp provide the decomposition we are looking
for. h
Building on Example 2, we can construct a totally monotone and comonotone additive functional which is
s-continuous. This functional plays the roˆle of the lower limit at x, x 2 X. Consider the ﬁlter
Fx ¼ fA 2 B : x 2 O  A for some O 2 sg and let vx ¼ uFx . Since there exists nx such that x 2 Konx we have
vxðKnxÞ ¼ vxðXÞ so by Propositions 2 and 4
R ðÞdvx is s-continuous.
From the deﬁnition of the Choquet integral we have for all f 2 B and any ﬁlter F,Z
f duF ¼ sup
A;A2F
inf
A
f :
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f duFx ¼ sup
A;A2Fx
inf
A
f :Let Vx ¼ fO 2 s : x 2 Og, since for all A 2Fx there exists O 2Vx such that O  A we have,Z
f dvx ¼ sup
O;O2Vx
inf
O
f :In particular, for f 2 B, f is lower semi-continuous at x i.e.,
8 > 0; 9O 2Vx : 8x0 2 O; f ðx0Þ > f ðxÞ  if and only iff ðxÞ ¼
Z
f dvx:Building on Example 3, we can construct a pure totally monotone and comonotone additive functional.
The set function vK introduced in Example 3 is the ﬁlter game built on the Fre´chet ﬁlter, coK ¼
fA 2 B : Ac  K for some K 2Kg. The functional R ðÞducoðKÞ plays the roˆle of a generalized limes inferior.
For uF ¼ ucoðKÞ we obtain,Z
f ducoK ¼ sup
A;A2coK
inf
A
f :Since for all A 2 coK there exists K 2K such that Ac  K we have,Z
f ducoK ¼ sup
K;K2K
inf
Kc
f :This last quantity is simply equal in our setting to,lim1f :¼ supninfKcn f ;
where fKngn K, Kn  Konþ1, [nKn ¼ X, since for all K 2K there exists Kn 2K such that K  Kn. In par-
ticular, for f 2 B, f is continuous at 1 i.e.9l 2 Rþ : 8 > 0; 9n 2 N : 8x 62 Kn; jf ðxÞ  lj < ;
if and only iflim1f ¼ lim1f :¼ infnsupKcn f :5. Concluding comments
In this paper, we have prove a Yosida–Hewitt theorem for totally monotone set functions deﬁned on a
locally compact r-compact topological space, which allows one to separate a s-continuous component and
a purely non-s-continuous part. A similar result was achieved for totally monotone comonotone additive func-
tionals. Our intention for future researches is to explore the ability of our method, based on the Choquet inte-
gral representation theorem, to obtain a Yosida–Hewitt decomposition on measurable spaces.
Acknowledgements
I wish to thank Professor Denneberg for his helpful advices and the referees for their valuable comments
that signiﬁcantly improved this work.
References
[1] C. Aliprantis, K. Border, Inﬁnite Dimensional Analysis: A Hitchhiker’s Guide, second ed., Springer, Berlin, 1999.
[2] M. Bru¨ning, D. Denneberg, The extreme points of the set of belief measures, this volume, doi:10.1016/j.ijar.2006.11.003.
Y. Re´bille´ / Internat. J. Approx. Reason. 48 (2008) 676–685 685[3] A. Chateauneuf, Y. Re´bille´, A Yosida–Hewitt decomposition for totally monotone games, Mathematical Social Sciences 48 (2004) 1–
9.
[4] G. Choquet, The´orie des capacite´s, in: Annales de l’Institut Fourier`5, Grenoble, 1953–1954, pp. 131–295.
[5] C. Dellacherie, Quelques commentaires sur le prolongement des capacite´s, Se´minaires de Probabilite´s V, Strasbourg, Lectures Notes
in Math., vol. 191, Springer-Verlag, Berlin, 1970.
[6] D. Denneberg, Non-additive measure and integral, Kluwer, Dordrecht, 1994.
[7] D. Denneberg, Representation of the Choquet integral with the sigma-additive Mo¨bius transform, Fuzzy Sets and Systems 92 (1997)
139–156.
[8] D. Dubois, H. Prade, Possibility Theory: An Approach to Computerized Processing of Uncertainty, Plenum Press, New York, 1988.
[9] B. Fuchssteiner, W. Lusky, Convex Cones, North-Holland, 1981.
[10] M. Marinacchi, Decomposition and representation of coalitional games, Mathematics of Operations Research 21 (1996) 1000–1015.
[11] K.P.S. Bhaskara Rao, M. Bhaskara Rao, Theory of Charges: A Study of Finitely Additive Measures, Academic Press, New York,
1983.
[12] Y. Re´bille´, A Yosida–Hewitt decomposition for minitive set functions, Fuzzy Sets and Systems 157 (2006) 308–318.
[13] J. Rosenmu¨ller, Some properties of convex set functions. Part II, Methods of Operations Research 17 (1972) 277–307.
[14] D. Schmeidler, Integral representation without additivity, Proceedings of the American Mathematical Society 97 (1986) 255–261.
[15] G. Shafer, A Mathematical Theory of Evidence, Princeton University Press, Princeton, 1976.
[16] Ph. Smets, What is Dempster–Shafer’s model? in: R.R. Yager, M. Fedrizzi, J. Kacprzyk (Eds.), Advances in the Dempster–Shafer
Theory of Evidence, Wiley, 1994, pp. 5–34.
[17] K. Yosida, E. Hewitt, Finitely additive measures, Transactions of the American Mathematical Society 72 (1952) 46–66.
[18] L.A. Zadeh, Fuzzy sets as a basis for a theory of possibility, Fuzzy Sets and Systems 1 (1978) 3–28.
